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On the Calculation of Equilibrium Time Correlation
Functions in Hard-Sphere Fluids
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We discuss in detail techniques that have been used to determine single-particle
equilibrium time correlation functions in a hard-sphere fluid on the basis of
kinetic theory. The accuracy of various procedures is assessed.
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1. INTRODUCTION

Equilibrium time correlation functions between local microscopic fluc-
tuations of one-particle quantities in a hard-sphere fluid can be determined
numerically on the basis of the revised Enskog theory!~!”) (for surveys see
refs. 7). The results of explicit calculations for these functions have been
reported in detail before,**#'2) in order to interpret neutron scattering
data on simple one-component liquids®'%*'*) and molecular dynamics
data for hard-sphere fluids.?*?? In this paper, we report the technical
details of our calculations on the equilibrium time (¢) correlation functions
in the revised Enskog theory. 1213
We consider the set of time correlation functions for >0 given by

Fylk, t)= <¢j(v1)em5(k)¢1(v1)>1 (L.1)

where ¢,(v,) and ¢,(v,) are elements of a complete set {¢,(v,)} of ortho-
normal polynomia in the one-particle velocity v,, which will be given
below, The brackets denote the one-particle average

Cody= [ dvy doy) - (1.2)
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with ¢(v,) the normalized Maxwell velocity distribution function

m \"? 2
— —mvy/2kg T
$(vy) (—2nkB T) e "™ (1.3)

T the temperature, kg Boltzmann’s constant, m the mass of the particles,
and the inner product of any two functions f(v,) and g(v,) of v, is defined
by {f(v,) g(v{)>- In Eq. (1.1), Ly(k) is the Fourier transform of the linear
symmetric inhomogeneous Enskog operator, introduced before.**) Lg(k)
acts on functions of v, and is

Le(k)= —ik v, +nyd, +nd, (1.4)

Here n= N/V is the number density, with N the number of particles
and V the volume of the fluid. The linear Enskog operator Lg(k) of
Eq.(1.4) is a generalization of the corresponding linear Boltzmann
operator that describes the time evolution in a dilute gas of hard spheres.

The first term —ik - v, represents the free streaming of a particle and is
also present in the linear Boltzmann operator. k is a wavevector with
length & = |k].

The second term generalizes the binary collision operator of the
Boltzmann equation. It contains, like the Boltzmann collision operator,
only uncorrelated binary collision dynamics, but the statistical ansatz of
the Boltzmann collision term has been modified in two respects to incor-
porate the higher density of the fluid. First, the frequency of binary
collisions has been increased by a factor y = g(o), where g(o) is the radial
distribution function for two hard spheres, with diameter ¢, at contact.
Second, the difference in position of two colliding hard spheres has been
taken into account, which is neglected in the Boltzmann collision operator.
This leads, in the revised Enskog theory, to a collision operator A, which
depends on k.

The operator A, acts on an arbitrary function A(v,) as

Ayh(vy) = A h(vy) — {Ah(v,) ), (1.5)
with the binary collision operator 4, given by
Ayh(vy)= —0o f dé j dvy ¢(v3) [¥157 6] 8(vyy 6)
x {h(vy) = h(vy) +e ™ [h(v;) — h(v3)1} (1.6)

Here 6 =06, where the unit vector & defines the geometry of the binary
collision, v,,=v,—V,,0(x) is the Heaviside (step) function, and
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vi=v,— (v, 6)6 and vi=v,+ (v, &) & are the velocities of particles 1
and 2 after a binary collision with initial velocities v, and v,, respectively.
The operator yA, reduces to the linear Boltzmann collision operator A, in
the limit #ne®—>0 and ko —0, since then {(Ayh(v,)>,=0, y—1, and
exp(—ik-6)—1 [cf. Egs. (1.5), (1.6)].

The third term in Eq. (1.4), the mean field operator 4,, is not present
in the linear Boltzmann operator. It is given by

nZkh(vl)z(l —\/El(k)>jdv2 d(v,) Tk (vy+v,) Alv,) (1.7)

Thus, A4, depends on the static structure factor S(k) and takes into account
the average influence of the other particles on the free motion of a hard
sphere because of excluded volume effects.

The functions F(k, t) will be evaluated here using the Bhatnagar-
Gross—Krook (BGK) method.* In the BGK method the functions Fy(k, )
of Eq. (1.1) are calculated explicitly in successive orders M, where M is the
order of the BGK approximation. In the BGK approximation of order M,
L (k) is replaced by

Le(k)= f(k) + F(k) (1.8)
where
f(k)= —ik v, +d(k) (1.9)

is a function of v,, and F(k), given by

Fk)h(vi) =3 3 4,(vi) Zilk)<biv)) h(v1)), (1.10)

j=11=1

is an operator acting on functions of v,. In Egs. (1.9) and (1.10),

d(k) =1y o 1prs1(k) (1.11)
and
Fk)= —d(k) 6, + nyQ (k) + ik <k;;T ) -
/ 1
x (1 _ﬁ(k)) (5j,15,,2+5j,25,,1) (1.12)
with

Q)= {(vy) Af¥1) ), (1.13)
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The third term on the right-hand side of Eq. (1.12) is due to the mean field
operator A, [cf. Eq.(1.7)], where the indices 1 and 2 of the Kronecker
delta functions refer to the first two polynomia in the complete ortho-
normal set {¢/(v,)}, ie.,

Pi(vy)=1

(1.14)
Pa(vy)= (””/kBT)U2 v, k/k

which represent the local density and longitudinal velocity, respectively.?*

We remark that Eq.(1.8) for Lg(k) follows from Eq.(1.4) when
—ik-v, and nAd, are taken into account exactly and when A, is
approximated by the infinitt BGK matrix QB39%(k). In the BGK
approximation of order M, the first M x M block of Q,(k) is taken
into account exactly, ie., Q§9%(k)=Q,(k) for j or /=1,.., M, while the
remaining matrix elements Q}?GK(k) are set equal to zero, except for the
diagonal elements j=/=M+1,., which are all set equal to
Qs 1 +1(k)=d(k)/ny.® In order to determine the F(k, r), we shall use
their Laplace transforms, defined by

“ B 1
GAhﬂzL dte ™yl 1) = <4/vi) T

$vy)>,  (1.15)
which are, for j, /=1,.., M, given by

1
1— Ak, 2) Z (k)

7t

Gk, z)=[ Ak, z)] {1.16)

Here # (k) is the M x M matrix with elements %,(k) defined in Eq. (1.12)
and /(k,z) is the MxM matrix with elements .o/(k, z) given by
(s I=1,., M),

1
Ak, z) = <¢;(V1)Z—:f(—k)¢/(v1)>1
1
=<¢j("1)m—)¢l("1)>l (1.17)

We remark that Eq. (1.16) follows from Eq. (1.15) by applying the operator
identity

1 1 1 1
= Lok) = J)—Fk) z=f(&) 2= (k)

1
&) -

(1.18)
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to the right-hand side of Eq. (1.15) and by solving the resulting identity for
Gk, z) in terms of the M x M matrices .o/ (k, z) and F (k).

Thus, the G,/(k, z) are obtained from M x M matrix multiplication and
inversion [cf. Eq. (1.16)] and the F(k, ¢) from the inverse Laplace trans-
forms of the G,/(k, z).

In this paper we derive expressions for the matrix elements .7;(k, z)
and Z(k) [or Q,(k); cf. Eq. (1.12)] needed in Eq. (1.16) that have been
used in previous publications. ®!%)

For the complete set of functions {¢,(v,)} that determine the matrix
elements .o/(k, z) and Q,(k) we chose the Burnett polynomia.*® These
polynomia are proportional to the product of ¢/, a spherical harmonic
Yi(@), and an associated Laguerre polynomial L¢*?(c?), where
¢ =(m/2ky T)"*v is a reduced dimensionless velocity and & =¢/c is the unit
vector in the direction of ¢. Thus, each label j in ¢,(v,) stands for the three
“quantum numbers” (r;, [, m;) = j.

We have chosen this set of polynomia for the following three reasons.

(i) The operator Lg(k) is, for all k, invariant for rotations around
the k axis. Here and in the following, we shall take k in the z direction. This
implies that m; is a “good” quantum number. Therefore, F(k, t}=0 for all
k and t when m,;#m,, or, equivalently, correlations occur only between
fluctuations which have the same quantum number m; =m,. We note here
that in neutron scattering experiments one considers fluctuations with
quantum number m;=0 and that the correlation functions with m;= +1
are relevant for calculations of the shear viscosity of the fluid. Correlation
functions of the hard-sphere fluid with |m,;]>1 have had, so far, no
practical applications.

(ii) The operator A, in Lg(k) [cf. Eq. (1.4)] is for k=0 and k= o
rotationally invariant, so that /; is a good quantum number for small and
large k. Thus, Q,(k) is diagonal in m; and m, for all k and, in addition,
diagonal in /; and /, for k - 0 and k& — .

(ii) The clements of Q,(k) with r;5#r, or [;#1, are, for all k, far
smaller than those with r;=r, and /;,=/,. Therefore, the eigenfunctions and
eigenvalues of 4, are, in first approximation, given by ¢, and Q,(k), respec-
tively. This property is relevant for high fluid densities in particular, since
then nyA, in the expression (1.4) for Lg(k) dominates the free streaming
and mean field terms, so that the ¢,(v,) and Q,(k) are also approximate
eigenfunctions and eigenvalues of Lg(k), respectively.(%?¢)

At the end we will discuss the relationship of the BGK method to two
other approaches that have been used to determine the F,(k,t), each
applicable in a limited k range, however, ie., hydrodynamics,” valid for
k—0; and the ideal gas description,® valid for k — co. In fact, as has
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been noted before,®!%27) the BGK method interpolates between these two
approaches and applies to all 0 <k < 0.

In Section 2 we give the general expressions for the ¢,(v,), in Section 3
we derive the matrix elements «/,(k, z), and in Section 4 we give the matrix
elements Q,(k). We end with a discussion of the previous results in
Section 5. In addition, a comparison is made with results for F,,(k, t)
calculated by Yip et al,'*” who also used the BGK method, but Hermite
instead of Burnett polynomia as the basic set of complete orthonormal
polynomia in v;.

2. A COMPLETE SET OF POLYNOMIA
In the explicit calculations to be performed below we use the reduced

velocity ¢ = (m/2kg T)"? v, and write the velocity average {---); as [cf.
Eq. (1.2)]

2

1 ‘
<...>:mjdce-c... (2.1)
We use the Burnett polynomia given by®®
W im(€) = N, LI+ UD(c?) YI(@) (22)

with r=0,1,.., 0; /=0, 1,.., 00; and m= —/,...,0,..., [; which are ortho-
normal, i.e.,

<¢:,11,m1(c) lprz,lz,mz(c)> = 5r1,r2511,[25m1,m2 (23)

where the star denotes complex conjugation. In Eq. (2.2), N,, is a nor-
malization factor, given by

4mr! )2
L .

where we used Pochhammer’s symbol (a), defined by
(@), =T(a+n)(a)=a-(a+1)- -+ -(a+n-1) 2.5)

with I'(x) the I function and (a),=1 for any a.
The associated Laguerre polynomia in Eq. (2.2) are given by®®

L£”(x)=l|:<i)r(1 +u)’+le""} (2.6)

rl| \ou —0
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and the spherical harmonics by?%*%)

0 I+m
=y (5) (T0-e7 ] @)

=0
where

(2.8)

(—)’+”‘{(21+1)(l~m)!}1/2
y[,m=

2 4n(l+ m)!
and where the (complex) vector T(¢) is given by
T()=(1—1¢% —i—it?, =2t) (2.9)

The variables  and ¢ in Egs. (2.6), (2.7) are real and set equal to zero after
differentiation.

From Egs. (2.2), (2.6), and (2.7) it follows that

_Nuyim [0 [<£>Hm<i)r r 172
Vrin(€) = r! {(&v) ot Ju (1 +u)

xexp[—-ucz+sT(t)-c]} (2.10)
s=t=u=0
where the real variables s, £, and u are set equal to zero after differentiation.
Thus, we obtain a complete set of orthonormal polynomia in ¢ for which
we will use the generating function exp[ —uc?+sT(7)-¢] [Eq. (2.10)] in
the explicit calculations to be performed below.

The polynomia with quantum number m=0 are real, while the
polynomia with m # 0 are complex and satisfy %)

Tim(€)=(=)" Y, _(c) (2.11)

Therefore, fluctuations in the fluid with quantum number m=0 are
described by the complete set of real orthonormal polynomials

D, (c)=1y,,o(c) (2.12)

with r=0, 1,.., c0; /=0, 1,.., c0. Similarly, fluctuations in the fluid with
quantum number |m|{=1 are described by the complete sets of real
orthonormal polynomials given by

> (c) =ﬁ (WE(©) + ()]} (2.13)
and

1

o1 (e) =—% (W (©) —frai(e)]) (2.14)
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where r=0, 1,.., 0 and [/=1,.., c0. The (+) polynomia are orthogonal,
ie.,
(D Ne) D) (e)>=0 (2.15)

ri, r2,h

as follows from Egs. (2.3} and (2.11).

In the next two sections, we use the (complex) representation for the
¥,,.m(c) given by Eq. (2.10) to determine the matrix elements <Z/(k, z) and
Qj(k). In Section 5 we relate the labels j and r;, [, m; in ¢ (V)= , .(€).

3. THE MATRIX o/
We consider the matrix elements [cf. Eq. (1.17)]

Gt 2= (W8 mle) (3.1)

1
g V)

Here and in the next section we abbreviate the sets of quantum numbers
(r;, 1, m;) with i=1,2 by (r;,{;,m;)=j{i=1) and (r,, ,, my)=1 (i=2).
We note that d(k) is real and negative for all £ [cf. Eq. (1.11) and Ref. 9]
and that z is a complex variable with Re z>0 [cf. Eq. (1.15)], so that the
real part of z—d(k) is positive. Using the reduced velocity ¢ instead of v,
yields

Ak, z)= —i (%ﬂ) ” % A0 (32)
with
AU = (VO = Vrm(©) ) (33)
where
(=i (L>l/21 [z—d(k)] (3.4)
WyT)

Therefore, { is a complex variable with Im { >0, since the real part of
z —d(k) is positive. Substituting Eq. (2.10) into Eq. (3.3) leads to
exp{—&c?+ X+ c)>

c.—¢

A0 =P, 10,0 < (3:5)

where
é =U, + Uy

X =5, T*(1;) +5,T(12)
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and P; and Q, are differential operators defined by

a I a Ii+ m;
Pi=Yim (5;,,)0(@—,,,)0

1 a\"
Qi:_Nr-] — (1 +u,-)"+”+1/2
i it aui

v 0

i

(3.7)

with /=1, 2. The subscript 0 in Egs. (3.7) means that after differentiation
with respect to s, ;, and u,, these variables are set equal to zero [cf.
Eq. (2.10)], so that also £ =0 and X =0. The velocity integrals in Eq. (3.5)
can be most conveniently evaluated successively in the x, y, and z direc-
tions, with the result

s185(1+ 1 t2)2>
1+¢

T+57

1
AN =P, P20, 0=

xZ(C(1+f)1/Z+ (3.8)

where we have used the Gaussian integral

[ dx exp(—ax? + fx) = (/o) exp(*/da)

for the x, y directions. In addition, we used that T(¢) - T(¢) =0, so that
XX =255, T*(t;) T(t2) = ds;55(1 4+ 1,1,)°

and X, = —2(s; ¢, +5,1,) [cf. Egs. (3.6) and (2.9)]. In Eq. (3.8), Z({) is the
plasma dispersion function resulting from the integral over the z direction,
defined, for Im { >0, by©®?

e

1 + oo
Z(c)zﬁfw dxi—p  Im{>0 (39)

The function Z({) can be analytically continued®® in the whole complex
{ plane using the fact that for Im { <0,

Z({)= —Z(~)+2n"%e=",  Im{<0 (3.10)
so that Z({) is an analytic function of { for all {, i.e., no cuts or poles occur.

There is, however, an essential singularity in Z({) when Im { - —c0, due
to the term exp(—{?) in Eq. (3.10).
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When [{] - o0 and Im {>0, Z({) decays to zero, according to the
asymptotic expansion

-1 & 1\ t

while for any finite {, Z({) can be obtained, numerically, from the
absolutely convergent series expansions

& (lC a2 CZ)n
1/2 12—
- Z Tm2+1) -~ Z aa. G©
We also need that®?
d
20 =-"2-220) (3.13)

for all .

In Eq. (3.8) we evaluate the derivatives with respect to sy, s,, #;, and
t, and express the derivatives with respect to u, and u, in terms of d/6¢.
The result vanishes, except when m; =m,, ie.,

Aj[(C) = 5m1,m2 CjI

Min{/;, %) ri+r2
X z g(ly, lymy; 4) z plri ey, lhss)
A=|myl s=0
a I+ —24 a s
() () aro ez ey
Ox o0& x=2=0
(3.14)

Here, Min({,, /,) is the minimum of /; and /,,

_Yat+i
Cﬂz(z—zl)rr
(3/2“"11)” (3/2+1), (11 +m)! ([, —m) (G +m) (L —m )\ 172
X< Rl (172), (12), )
(3.15)
2y 44(1/2),
q(ll’lz’ml,l)_(ll—i)! (lz—/l)! (l+m1)! (/I—ml)! (3.16)
and
. (_rl)q(_rZ)s—q
P("l,ll,rz,lz, =(—r Z q! (S"'Q)!(l1+3/2)q (lz+3/2)sfq (3.17)

g=0
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We remark that for the special cases when r,=r,=0and /,=l,=m,=m,
one has from Egs. (3.14)—(3.17) that 4,({)= Z({). For all other cases we
calculated 4,({) in two ways, based on the expressions for Z({) given by
Egs. (3.13) and (3.11), respectively, which are relevant for two different
regions of { values.

First, using Eq. (3.13) in Eq. (3.14), one finds

A0) =0y, Ca{ BiP(O) + B Z(0) ) (3.18)

where B{({) and BP({) are polynomia in { given by

h+bh—2lm| ri+r+u—1
1 —_
B(()=¢
pu=lh—h nz(p—1)y2
Au=2
Lh+bh—u
2

X q <11, l;my; SO(ry, 1y, by pn) 778 (3.19)

and
h+h—2lm| n+rn+u
2 —
BP() =

p=|l— 0l nzu/2
Ap=2

L+, —
xq <l1; ly; mlil—f’;—'a> S(z)(”n lysra, by, n) Czn““ (3.20)

with the integer variables u and n varying in steps of 2 and 1, respectively.
In Egs. (3.19) and (3.20)

S(l)(rla ll7 Fa, l2> H, I’l)

ritrn+

# 1
=S S b i) () (.21)
k—n-—1

k=n+1
and
S(Z)(rlaller,IZ;.u: k)

3 (_4)kﬂl r1 r2 p+gq

B 2* pgo qgo zgo
(=r)p(=r)g (=p—q), [(p+ L +L)2+1—k+1],,, ,
PLal (1, +3/2), (L, + 3/2), 11 4 (u— k + ) (2k — 21 — p)!

(3.22)

where it is understood that 1/n! =0 when 7 is a negative integer.
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Thus, in Eq.(3.18), B{({) is a polynomial in { of degree
2r 4+ 2r,4+ L +5L-2m|—~1 and BP({) a polynomial of degree
2r +2ry+ 1 +1,—2 |m,|. When [; +1, is even, B{)({) contains only odd
powers of { and B{({) only even powers of {, while, when /, +/, is odd,
B{({) contains only even powers of { and B{?({) only odd powers of {. We
remark that Eq. (3.19) does not apply to the special cases discussed above,
ie, ri=r,=0, [, =l,=m =m,, since 2r +2r, +1,+1,—2|m| —-1= -1
then.

Second, we use Eq. (3.11) for Z({) in Eq. (3.14). Then, for Im { >0,

h+h—2lm} o

Ajl(c) = 5ml,mz le

p=lli—t n=0

Au=2
L+ 1, — 1
Xq<11alz;m1;i”i‘_'u> T("lJD’sz?%”)W (3.23)
with
rArp X 1
T(ry, s, byyun)=— Y SO, s, s p k) (5) (3.24)
k= p/2 k+n

where the integer variables y and » vary in steps of 2 and 1, respectively.
Therefore, when Im (>0 and { — o0, all 4;({) decay to zero proportional
to I/CUI—-lzi + 1-

We have used Eqg. (3.18) to calculate 4,({) for finite, not too large,
values of {. For very large { with Im {>0 both polynomia B{’({) and
B () in A,({) diverge and Eq. (3.18) can no longer be used to obtain
Ay({) in practice, since the A4,({) are very small then [cf Eq.(3.23)].
Instead, when Im{ >0 and {— oo we used Eq.(3.23) for 4,({). When
Im { <0 and { — o0 we used [cf. Egs. (3.10) and (3.18)]

A= (=) 4(=0)
48 C2n B e, Im{<0 (3.25)

where A;(—{() decays to zero for { > oo [cf. Eq. (3.23)], since Im —{>0.
We remark that the second term on the right-hand side of Egq.(3.25)
strongly diverges when Im {— —co and describes the approach to an
essential singularity of 4,({) at Im { = —co. The relevance of these essential
singularities at Im { = —oo in all 4,({) will be discussed in Section 4.4.
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4. THE MATRIX Q

In this section we determine the matrix elements £2,(k) defined by
Eq. (1.13), i.e.,, defined by

Qik)= Y% 1 m(€) Dl 1y, my(€)D (4.1)

where j=(r;, l,, m;) and I=(r,, [,, m,) and A, is given by Egs. (1.5) and
(1.6). We need the fact that the first two polynomia in the set {¢,(v,)} are
given by [cf. Egs. (1.14) and (2.2)]

$1(vi)=Wo00lc)=1,

1/2
" > v, 4.2)

$2(Vi) =¥q10(c)= 2%, = (kB T

Then, as discussed before,®® the second term on the right-hand side of
Eq. (1.5) contributes only to the 1,2 element of Q,(k) in Eq.(1.13) and
cancels the contribution of A,. In addition, it has been shown that®-?¥

Q,(k)=8,(k)=0 (4.3)

for all j=1,.., oo. Thus, it suffices to consider the (k) with j or />2,
which are given by

Qulk) = <Y 1. (©) AV m(€)D, i 122 (4.4)

ie, by Eq. (4.1) with A, replaced by A,, since the second term on the
right-hand side of Eq. (1.5) does not contribute.
The binary collision operator A, consists of four terms,

A= —AD + AP — AP + A (4.5)
given by [cf. Eq. (1.6)]

AW =5 [ d6 [ dv, gies) 11 601127
AP =g J d6 J av, p(v,) V15 6] B(v,,- 6) by

(4.6)
A= o [ dé [exp(~ k- 0)] [ dv, $(03) [v12+ 6] 6(v1, - 0) P,

AP =0 [ d8 [exp(—ik-6)] [ dv, $(0) IV, 6] 0(v1,7 0) by Py
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where P, replaces v, by v, in functions of v,, and b, replaces v, and v, by
b;v =V} and b,v, =V}, respectively. Thus,

Q (k)= —.QJ‘.,” + Q},Z) - Q}f’(k) + Q};‘)(k) (4.7)
with
QP(k)= Yk 4 m(©) A, 1, ml€)) (4.8)

where i=1, 2, 3,4 and where for i=1,2, 4?=4" and Q{(k)=2{ do
not depend on k.
Next we substitute Eq. (2.10) into (4.8), so that

Q_](;)(k) = PIPZQIQZG};)(SD [17 Uy; 87, t29 uZ) (49)
with the differential operators P,, P,, Q,, and Q, given by Eq. (3.7) and

Gl(ci)(sla tl: Uy 8y, [2’ uZ)

= <{exp[—u1c2 +5,T(t;)* ¢} AP exp[ —uc® +5,T(1,) - €],
(4.10)

with ¢ = (m/2ky T)"? v, as before [cf. Eq. (2.1)].

We substitute Eq. (4.6) into (4.10), use the reduced total velocity
V = (m/8kszT)"* (v, +v,) and the reduced relative velocity v=
(m/2kg T)* (v, —v,) as integration variables, and introduce ¢=1u, +u,
and X =s,T*(¢,)+5,T(t,) as before [cf. Eq. (3.6)]. The result is

G(sy, ), uy3 82, by, Uy)
1
= | d6
nt0(87t)‘/2j

X L|v- 8] O(v&)exp[ V> =4+ X-V+EVN V)] D,
(4.11)

where 1o =m"?/[4nc*(nky T)"*] is the Boltzmann mean free time between
collisions,

2

<--->v=(217:)A3/2jdve’”/2---
(4.12)
(--->V=(n/2)‘3/2JdVe_2V2~--
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and where
EDW, V)= —éy- V41X v
ED(v, VY= EY(v, V)4 2u,(v-6)(V+6)—5,[T(t,)- 6](v* 6) (4.13)
Ev, V)= —ik-6+{u,—u)) v V+i[s, T*(t,)— 5, T(t,)] v
EDW, V)=E®(v, V)= 2u,(v- 6)(V - &) +5,[T(¢t,) 6](v* 6)
We note that of the four E¥(v, V), only E®)(v, V) and E“®)(v, V) depend
. k'In Eq. (4.11) we perform the integrals over the three components of V

and over the two components of v orthogonal to &, which are all of the
Gaussian type. For the integral over v+ & we use

2 jw dy ye 7= = F\(1,1/2; X*)— n'2xe” (4.14)

0

where | F (1, 1/2; x*) is the confluent hypergeometric function, defined in
ref. 31. As a result,

G(l)(sla tl’ ul;s2> t2’ u2)
A
nto(1+E)?
1 . 11 .
xa;;jdcla <—§,§; ——(A-o)2> (4.152)
G(Z)(Sl, Ly, Uy 80, by, Uy)

_ (14¢&/2)7 P2t O
nto(1+ &1+ &+ u uy)

;(B- &)2> (4.15b)

b —

1
e | @6 fexpl—(A-8P1, 7 1,

G,‘f)(sl, Ly, Uy; Sq, 1y, Uy)

o (14¢2)2
Cont(1+E+ uyuy)’

1 R 11 a2
xﬁjdc{cos(k 6)1F1<—§,§,—(B o))

—in"2sin(k - ¢) B - c} (4.16a)

822/54/1-2-19
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4 .
ch (81, 8, uy; 82, 1y, U,)

_ (14¢&/2)'7
nto{l + EY1 + &+ uyuy)

legjd& {COS(k«y)exp[—(B- 6)*] ,F, (1’ %; (A &)2>
— Sin(k-c)A-éexp[(A-&)Z—(B-e)ZJ} (4.16b)

where GV =G{V and G¥ =G do not depend on k and where
=31+ 2+8717X
B=3(1+C+uu,) 2 (2+8)7" (4.17)
X [(1+uy) s, T*(t)— (14 u,) s, T(2,)]
In Egs. (4.15), (4.16) we have used the Kummer transformation®"
Fila, by zy=exp(z) (Fi(b—a, b; —z)

with a=1 and b= 1/2, to transform ; F,(1, 1/2; z) into , F,(—1/2, 1/2; —z).
The angular integrations in the G’ are performed in a different
manner for i=1, 2, 3, and 4, respectively. Therefore, in the remainder of
this section, we consider the four G{° and Q{(k) with i=1,2,3, and 4
separately.
(a) Thecasei=1

In Eq. (4.15a) for G'* we directly perform the angular integration over
&, using that, for any A,

1 2[
i fdc(A &) 21+1( ) (4.18)

so that, with Kummer’s transformation,

LHED™ (e

G sy, ty, Uy Sa, b, Us)=
(51581, Uss 82, by, Uy) = t(l+f)2

F, (2, %; Az) (4.19)

Then we use that
5185(1+1,8,)°
(1+&)2+¢)

as follows from Egs. (4.17), (3.6), and (2.9).

A= (4.20)
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Thus, GV depends on s,,s,, ¢,, and ¢, only through s5,5,(1 +¢,¢,)*
For any such functions /' we have the relation [cf. Eq. (3.7)]

1 /3 a\"
PP s 4102 =0y (3) [ (5) 10| @)
n I X x

=0
Therefore,

ap=—"_(3) 5. Ay
Jt _47'Cnt0 5 N my,my [1,12Q1Q2 ‘5; o

A+2)7 vy ( X )
“arer < P\ P raraeys) ¢

We write the result as

1
‘Qj('ll)zn_toéml,mg 5ll,lz‘](l)(rlall;"Zall) (423)

where J) is dimensionless and does not depend on m, or m,.
In order to perform the derivatives with respect to u, and u, in
Eq. (4.22), we introduce, with & =u + u,,

D(ry, o575, 005k, q)

(Y () Lt
Bur)o \Ouz)o (14 (1+&/2)77 12

Min(ry,r2) rn—t rn—t¢

=r1!r2! Z

1=0  j=0 p=0

3 3 1
x(k),(—k~q+(x +—> (—k—q+fx +—> (q——)
1 2 b/l ’ 2 J2 2 ritro—jt—jr—2t

X[l ot (=t = ji) (ry— 1= )l 20t Am am 2 = (4.24)

0

so that one is led straightforwardly to the final result for JV, ie.,

J“)(7'1»11§"2,l1)

3 3 2
= ]1![r1!r2!<~2—+11)r1 (—2-+ll>r2:|
5o (=1/2) (_1>
XEO - G, 2),

I +2, q) (4.25)

1 1
XD<7‘1,11+'2‘;"2,11+5§
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We remark that J*) is real and symmetric in r, and r,, ie.,
J(l)(r1’11§r2,11)2‘](1)(”2’l1§"1a11)

(b) The case i=2

We show in the Appendix that for any two (complex) vectors A and B
one has that

[ dé expl—(B+8)°] , F, (1,%; (A-&V)
= [exp(4*— B%)] [ d6 exp[ — (A - 6)*] , F, <1, %; (B- &)2> (4.26)

Thus, for the special case that A and B are given by Eq. (4.17) one has
[cf. Egs. (4.17), (3.6), and (2.9)]

B = —(1+&) A2 (4.27)
so that A% — B> = (2 + ¢) A Therefore,
G sy, b1, 158y, by, ) = GEL (1, 1y, 41585, 1, Uy) (4.28)

as follows from Egs. (4.15b), (4.16b), (4.26), and (4.27). As a consequence,
the matrix elements Q) are given by [cf. Eqgs. (4.9) and (4.28)],

QP =QP(k=0) (4.29)

ie., by the matrix elements Q{)(k) for £ =0. The matrix elements £2"(k)
will be discussed below for general &, including & =0.

(¢) The casei=3

To evaluate the angular integrations in Eq. (4.16) for the cases 3 and
4, we need the integral

1(k) =J d6 [exp(ik-6)] f(s,T*(t,)- 6, 5,T(t;) 6) (4.30)

where f(x,, x,) is a function of x, =5, T{(¢,)* & and x,=s,T(¢,)- 6. Then,
in order to perform the derivatives with respect to s, and s,, we use that

a n o 5] 2 I P b
(5_.5‘1)0 <a—52>0 1) = (6—x1>0 (E)O f(x, x5)

xjda [exp(ik - 6)J[T*(,)- 61 [T(t,)- 1% (4.31)
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We obtain from Eqgs. (3.7) and (2.7) that

1 b
PIle(k)=( 0 ) (—‘i) S, %)

dx1)0 \0x2/4
x [ dé [exp(ik - 6)] Y™ (6) Y{™(6) (4.32)
Therefore, by expanding
explik-0)= 3 [4n(2n+ 1)]"2 7, (ka) YO()
n=0
where the j,(x) are spherical Bessel functions, ") we obtain

P t1= o (2) () A

0x, /o \0x,5/¢

hi+1
x Y MUy, Limy:n) j(ko) (433)
n=[—1h
Adn=2

Here

M(l,, 1, m;n)

= (=) [4n(2n+ 1)1 0" J de Y{~(6) Yi(6) YOU6)  (4.34)

Thus, the coefficients M(/,, I,; m; n) are directly related to Wigner's 3-J
symbols, which give the result of an angular integration over the product of
three Y{™(&) with total angular momentum J=/,+/,+n and for which
explicit expressions exist for all m.?* We note that M(/,, l,;m;n)=0
when J=1, + 1, +n is odd, that

M(ly, 1,;m;0)=6, 4 (4.35)

and that®®
M(l,, 12;0§n)
=i"TRL+1DCL+1D]?2rn+1)

21! (J=2)! (J = 2n)! (J/2)! 2
J+1)! [(1/2—11)! (J2=5)! (J/2—n)!]

(4.36)
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when J=1,+/,+n is even. As a consequence, the variable n in Eq. (4.33)
varies in steps of two (i.e., 4n=2), being either even or odd depending on
whether /; + 1, is even or odd, respectively.
Using these results, we consider the matrix elements [cf. Eq. (4.9)]
-Q,('/S)(k)z PiP0Q,Q,GP(sy, ty, Uy 58, 1y, Uy) (4.37)

with G given by Eq. (4.16). G{¥’ is of the form given by Eq. (4.30) for I(k),
since
B'6=51x1+ﬂ2x2 (438)

with x, =5, T*(¢;)* 6, x,=5,T(t,)- 6, and

612%(1 +é+u1“2)*1/2 (2‘*‘&)71/2 (Y +uy)

(4.39)
Bo= =31+ & +uuy) 2 2+ 8) 72 (1 +uy)
Therefore,
GS)(Sly tl? ul;S25 t2> uZ)
o (r4gpy
Tntg(14+EFuuy)?
1. 1
XE j de [cos(k ‘o), Fy <— 3 5; —(B1x, +[32x2)2>
—in'?sin(k - 6)(B, x, +B2x2)] (4.40)
Due to Eq. (4.33) we may write the result for Q()(k) as
2§)(k)
1
= E:) 6m1,mz‘](3)(rla 11: Fa, 12)
h+h
x Y M, lL;m;n) (ko) (4.41)
n=|lj—h|
An =2

Then, when [, + 1, is odd, the Q)(k) or JP(ry, I;;r,, 1,) are determined by
the second term on the right-hand side of Eq. (4.40) alone, ie., by

J(3)("1, lisry, 1)

—1 o\ / 0"
B 4 \/7_r 0:0, <5Z)0 <éz>o
(1+¢&/2)7

Tritmm) (Byxi+ Baxy), (I, 4+Lisodd) (4.42)
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It follows from this and Egs. (3.6), (3.7), and (4.39) that J® is non-
vanishing only when r,=r,=0, [,=0, ,=1o0r r,=r,=0, I, =1, ,=0.
Since these cases refer to the 1,2 and 2,1 elements of Q,(k), we have

J(3)(rl, 117 rs, 12)20
QPk)=0, I, +1,0dd; j, 1>2 (4.43)
for the part of the matrix Q()(k) we are considering here, ie., j,/>2.
Therefore J* and 2©) are nonvanishing only when /, +/, is even. Then,

J® is determined entirely by the first term on the right-hand side of
Eq. (4.40). Hence, from Egs. (4.37), (4.40), (4.41), and (4.33),

J(3)(r1a lisry, 1)

1 o \"( 8 \"
TR (a—x)o (a—x)o

L4 g2)1” 1
(Ersrrs U] GES IR USRSy AT
(4.44)

which is evaluated straightforwardly, with the result

h—0)/2
(_)(l 2 (—_%)r1+r2+(11+12)/2

J(s)("b lisra, 1)

_ (4.45)
0 Frotdiy lz)/Z{ (%)rl +11(%)r2 + lzrl ! ry ! } 2

({;+ [ is even)
We remark that J® is real and symmetric, ie, JO(r,, I ;ry, )=

J®Nry, L vy, 1)) In addition, for k>0 we have for QP (k) that [cf.
Eqs. (4.41) and (4.35)],

1
Q7(0) =t Oy O n I V(s 1572, 1) (4.46)
since jo(0)=1 and j,(0)=0 for n>1,%" so that for k=0, Q(0) is
diagonal, not only in m; =m,, but also in /, =1/,.
(d) The casei=4
Here we consider

Q}f)(k)=P1P2Q1Q2G§(4)(S1, FisUps Sy, by, Uy) (4.47)

where G is given by Eq. (4.16) and is of the form given by Eq. (4.30) for
1(k), using that

Are=a(x,+x,) (4.48)
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Wlth X1 =S1T*(t1) * &, x2=S2T(t2)' &, and
=31+ 2+8)7” (4.49)

Thus, we may write the result as

1
Q}f)(k) =W 5m1,m2J(4)(r1, l13r0,15)

0

h+h
x Y My, Limg;n) j (ko) (4.50)

n=|lf— bl
An=2

We distinguish between the cases that /, + /, is either odd or even.
First, when /; 4+ [, is odd, we only need the second term on the right-
hand side of Eq. (4.16) for G{¥, so that

J(4)(r1511;r2a12)
—1 N1/ 8 \"
_—4\/EQ1Q2<5X_1>0<@_362>0

L rgyn
T+ +E+um)

x exp[ (X, + Xx;)* = (B, x; + B2%,)*] (ly+1yis odd)

o(x1+x,)

(4.51)

with a, B, and B, given by Egs. (4.49) and (4.39). The derivatives in this
equation can be performed straightforwardly, with the result

J(4)(r1’ {y;ra, 12)=<(

52r1+ll,2r2+12—1 + 52r1+11,2r2+12+1
2r 4+ 2L+ DV (2, + 20+ 1)
l41,—1

><E<r1,r2; >

) (I;+1,is odd) (4.52)

where (I, +/,—1)/2 is a nonnegative integer and

n(1+R), )1/2 (1+7)44
)

E(rl,r2;1>=(—)'“(

(3/2+R+1r 271+ 1(3/2),
- ) ((r—1-1)/2), ((r—1)/2),
Xiv‘o '(1+r)1(1/2 R—1), (4.53)

with R =Min(r,, r,), ¥ =|r, —r,|, and where / is an integer.
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Second, when /; + /, is even, we only need the first term on the right-
hand side of Eq. (4.16) for G, so that

J(4)(r1’11;”2’12)
_ 9 “(6 " 1+
‘EQ‘QZ((??)() a_x)o T+ +E+uuy)
1
cexpl = (Brx,+ Br0)] i (15527040,
(I, +1,1is even) ‘ (4.54)

Performing the derivatives leads to

J(“)(rl’ 11 N ry, 12)
(_)(11—12)/2

2 o, 1 (312) 243 D) 6]
1t 12, .
x 2 2 ()R (=), (=),

n =0 nm=0

n1+n2 ' 1 1
x — )3 ”‘+’2’"‘"”2’/2n—,!n2!

)(D p ll+12+n1—n2_1.r l1+12*n1+n2'—1.n1+n2 ll+l2
1s 2 972 2 2 2 s 2
(I, +1,1s even) (4.55)

where the primes on the summation signs mean that only terms with
ny +n, even have to be taken into account and where D(r,, o;; 75, a5; k, q)
is given by Eq. (4.24).

We note that both for /; +/, odd or even, J*(r,, 1,; r,, I,) is real and
symmetric, ie, JO(r, Iy;r,, L)=Jr,, I,;r;, 1,). Also, from Egs. (4.50)
and (4.35) it follows that for k — 0

1
'Q;(';‘)(O) ="r? 5m,,m2 51,,12-](4)("1, Lisra, ) (4.56)
0

where J¥(ry, I;;r,, 1;) is given by Eq. (4.55) with I, =1,.
Collecting the results obtained in this section yields for the matrix
elements Q,(k) with j=(r,, [,, m,) and [ = (r,, [,, m,) that for j or [>2,

my,my

0
2,(k) ==

i {511,12Js(r1’11;r21 11)

0
h+h

IR A M(ll,lz;ml;n)jn(kcr)} (4.57)

n=|h—h|
An=2
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where [cf. Egs. (4.7), (4.23), (4.29), and (4.56)]

P(ris e, 1) = =IO, L, 1)+ T, Ly e, 1) (4.58)
with J*) and J* given by Eqgs. (4.25) and (4.55), respectively, and

JUr, L ry L) = =IO, L v, LY+ T, L vy, 1) (4.59)

with J®) given by Eqgs. (4.43) and (4.45) and J® given by Egs. (4.52) and
(4.55) and where M({,,l,; m;;n) in Eq. (4.57) is given by Eq. (4.34).
For k — 0 one has

1
N 6"’11)”12 511,/2J(r15 llz r27 11) (460)

" nt,

2,(0)

with
S, Lsrg, L)Y = P L ey, L)+ T4 L s 1) (4.61)

the reduced matrix elements of the Boltzmann collision operator
Ag=lim, _ 4 4, considered by Foch and Ford.*® For k — o0, all spherical
Bessel functions in Eq. (4.57) decay to zero, so that

1
Qj[(w)zﬁaml,mz 611,12Js(r1911;r25ll) (462)
0

where the J° are the reduced matrix elements of the Lorentz—-Boltzmann
collision operator A°=lim,_ A4, relevant for the description of self-
diffusion processes in the fluid.®’

We conclude that the ©,(k) are diagonal in m, = m, for all k, diagonal
in I,=[ for k=0 (ie, the Boltzmann limit) and k=0 (ie., the
Lorentz-Boltzmann limit) and depend for intermediate k£ on m, =m, only
through the coefficients M(/,, I,; m,; n) [cf. Eq. (4.57)].

5. DISCUSSION

We have derived general expressions for the M x M matrices ./(k, z)
[cf. Egs. (3.2) and (3.18)] and Q,(k) [cf. Eq. (4.57)] for j=(r,, !, m,) and
l=(r,, I,, m,). These matrices are needed to determine the one-particle
time correlation functions F;{k, t) in a hard-sphere fluid using the BGK
method explicitly [cf. Egs. (1.15) and (1.16)].
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The results given here reduce to those used before**1232) to calculate
the nine correlation functions F(k, t) with j or /=1, 2, 3. Here the label j
or /=3 refers to the third polynomial in the set {(¢,(v,)}, ie,

2\V2 /3 R -1/ m
¢3(V1):¢1,0,0(c)=<§) (E‘C>=%(mvl—3> (5.1)

This function represents the local microscopic temperature fluctuations of
the fluid. These nine correlation functions F(k, ) (which all have quantum
number m=0) are needed to understand the time behavior of the inter-
mediate scattering function F,,(k, ¢t), which is the function relevant for
neutron or light scattering experiments on simple dense fluids.11:1%20:32)
We now discuss the properties of the F{k, t) as to: (1) their con-
vergence with respect to the label M in the BGK method; (2) the transition
to ideal gas behavior at large k; (3) the transition to hydrodynamic
behavior at small k; and (4) their description in terms of eigenmodes.

5.1. Convergence

To study the convergence of the BGK method for the calculation of
the nine Fy(k, 1) with j or /=1,2, 3, one needs to order the polynomia
D, (e)=1,,0(c) [cf Eq.(2.12)] with respect to the quantum numbers
and /. To do so, we have used three criteria.®'?

5.1.1. Lorentz-Boltzmann Ordering. In the Lorentz-Boltzmann
ordering (LB), the label j in the set {¢;} corresponds to the labels r, / in
the set {®,(c)} in such a manner that the reduced diagonal elements
J(r, I; r, I) of the Lorentz—Boltzmann operator 4° decrease with increasing
j=1(r,1). In Fig. 1, we show the J*(r, [; r, I} as a function of r and /. We see
that J° decrease at fixed r with increasing / and at fixed ! with increasing .

Thus, the ordering of the @,,(c) can be read off from Fig.1 and
follows globally the rule that the “lowest” (r,/) come first and, more
particularly, that the lowest » 4+ / come first (cf. Fig. 1). The results are sum-
marized in Table I, where the first 24 polynomia in the Lorentz—Boltzmann
ordering are given.

5.1.2. Boltzmann Ordering. In the Boltzmann ordering (B), the
{¢,} are ordered such that the reduced diagonal elements J(r, /; r, [) of the
Boltzmann operator Ay decrease with increasing j = (r, /).

In Fig. 2, we show J(r, /; r, [) as a function of r and /, where we sec that
J decreases at fixed r with increasing / and at fixed / with increasing r.
Thus, again, the “lowest” (r, /) (but not the lowest r+ /) come first. The
results are also summarized in Table 1.
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-05F

Fig. 1. The reduced diagonal elements J*=J*(r, /;r, I) of the Lorentz-Boltzmann operator
[cf. Egs. (4.58) and (4.62)] as a function of / at various values of r (crosses). The curves
connect the J* with the same r=0, 1, 2,..., 8 as indicated at the end of each curve.

We observe in Table I that the LB and B orderings are very similar.
Thus, for example, in the BGK approximation of order M =9 all nine
polynomia in the LB and B orderings are the same, or, when M =24, 21 of
the 24 polynomia are the same in the LB and B orderings (cf. Table I).

5.1.3. Alterman Ordering. In the Alterman ordering (A), the
{¢#,} are ordered such that the eigenvalues A(r, /) of the reduced Boltzmann
operator ntyAp, as computed by Alterman etal,®® decrease with
increasing j = (r, /).

In fact, for each /=0, L,.., 13, the i(r, /) are the 30 eigenvalues A,(/)
with i=1,.,30 of the 30x30 matrices J(r,,/;r,,I) with r, or
r,=0,1,.., 29. Here the labels r in A(r, /) and i in A,(/) are related to each
other in such a manner that r refers to that polynomial @, , that contributes
most to the eigenfunction corresponding to A,(/). Therefore, in A(r, /), while
[ is a “good” quantum number, r is an “approximate” quantum number,
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Table I. Quantum Numbers r and / of the Polynomials ®,,(c)=w,, (c)
[Eq. (2.12)] and Corresponding Values of J*(r, /;r, {) (Fig. 1), J(r. L1, I)
(Fig. 2), and A(r, /) (Section 5.1.3)

r ! Jr, L 1) J(r, L, 1) Mr, 1) J(LB) J(B) J(A)
0 0 0 0 0 1 1 1
0 1 —0.6667 0 0 2 2 2
i 0 —0.6667 0 0 3 3 3
1 1 —0.9833 —0.5333 —0.4975 4 4 5
2 0 —1.0333 —0.5333 —0.4746 5 5 4
0 2 —1.0667 --(.8000 —0.7593 6 6 8
2 i —1.2478 —0.8571 —0.6994 7 7 7
1 2 —1.2619 —0.9762 —0.8353 8 9 11
3 0 -1.3076 —0.8857 —0.6866 9 8 6
0 3 —1.3286 —1.2000 —1,0023 10 13 21
2 2 —1.4607 —1.1795 —0.8981 11 12 14
3 1 —1.4733 —1.1224 —0.8173 12 10 10
1 3 —1.4871 —1.3135 —1.0229 13 14 23
0 4 —1.5175 —1.4540 —1.1120 14 18 43
4 0 —1.5347 —1.1623 —0.8096 15 11 9
3 2 —1.6467 —1.3758 —0.9484 16 16 16
2 3. —1.6514 —1.4600 —1.0430 17 19 26
0 5 —1.6665 —1.6349 —1.1703 18 25 > 60
1 4 —1.6673 —1.5650 —1.1185 19 22 46
4 1 —1.6719 —-1.3506 —0.8955 20 15 13
5 0 —1.7324 —1.3952 —0.8904 21 17 12
Q 6 -1.7927 -1.7770 —1.2046 22 31 >60
3 3 —1.8111 —1.6133 —1.0614 23 24 30
1 5 —1.8147 —1.7558 —1.1727 24 29 > 60

“Also given are the corresponding labels j of ¢/(v,)=@, (c) when one uses the
Lorentz-Boltzmann [j(LB)], the Boltzmann [j(B)], or the Alterman [j{A)] orderings,
respectively.

since it refers to the polynomial @,, only in as far as @, gives the most
important contribution to the eigenfunction of Ay corresponding to the
eigenvalue A(r, /).

The result of the Alterman ordering of the polynomials &, , is given in
Table I. We observe that the A ordering does not differ considerably from
the B ordering, and that when M =24, 17 of the 24 polynomia are the
same in the LB and A orderings. We also see that, while the LB ordering
stresses the importance of polynomia with low r+/ the A ordering
emphasizes the importance of polynomia with low / alone.

5.1.4. Convergence of Correlation Functions. Of the nine
correlation functions Fj(k,t) with j or /=1,2,3, only three are inde-
pendent.
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wmn ~ O

9 8 7 6 5 4

Fig. 2. The reduced diagonal elements J=J(r,l;r,{) of the Boltzmann operator Ay
[Egs. (4.60) and (4.61)] as a function of / at various values of r (crosses). The curves connect
the J with the same r=0, 1, 2,.., 9 as indicated at the end of each curve. Note that J=0 for
r=0,/=0;r=0,/=1;and r=1,/=0.

We have chosen before!'%3?) to calculate the Fourier transforms of
three independent correlation functions

1 opreo
Stk w) =7 j dt e "' F(k, 1) (52)

namely those for (j, /)= (1, 1), (1, 3), and (3, 3). The S;(k, w) are given by
1
Sk, w)= - Re Gk, z = iw) (5.3)

with G,(k, iw) from Eq.(1.16). We consider now the convergence of the
Sk, w) with respect to M and with respect to the ordering of the
polynomia.
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As to the convergence with respect to M, we find for all densities and
all k that the convergence of the S)(k, ) is slowest when w =0. Therefore,
it suffices to consider the results for the S(k, w) as functions of M for
@ =0 alone. For three values of k we show §)(k, 0)/tg as a function of M
in Fig. 3 for V,/V=0.071, in Fig. 4 for V,/V=0.333, and in Fig. 5 for
Vo/V=0625 where Vo/V=no®//2 is a reduced density, with ¥, the
volume of close packing of a hard-sphere fluid. The three densities con-
sidered here are the same as those in ref. 27 for S,,(k, w)= S(k, ®)/S(k),
where S(k, w) and S(k) are the dynamic and static structure factors of the
fluid, respectively.

We find that the convergence with respect to M of the S;(k,0) is
almost independent of the density and is mainly determined by the value of
kle (cf. Figs. 3-5). Here Iy =1,/y and [,= (8ky T/nm)'* t, are the Enskog
and Boltzmann values of the mean free path between collisions, respec-
tively. The convergence is fastest at small k. Thus, for k/g <0.5 the S)(k, 0)
have converged for M =55 to at least four significant figures (i.e., to
0.01%), both in the A ordering (shown}) as well as in the LB ordering. The
convergence becomes slower when k/g increases. For &/ =3 the results at

n ) i v (n
1.6 - {a) 033 * te (b 020 ° x L ©
- ' o oxx xxxx - Xxx X x x
12} ™ *0e0csone 032+ X xe .: | xe .
. R ° . -
- % -
08 0.3 — ¢ | ¢ .
S S B T N N —J. 1 0.18 PR R o |
13) [ (13 i * 13
T 16 (a) 0.20 | (b) : °* (c)
P~ L .'. x.x
oo X
._uj 1'2?.'00000-00 : X;Xxx;:x : x ;xx X.x
>~ osk* oI8F . . [ .
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:‘_‘: i U B R D T R B R 0.09 P B
=2 034
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Fig. 3. The reduced S;(k, 0)/rg as a function of M at the reduced density ¥o/V =0.0071 for
5 1=1,1;1,3; and 3,3 (as indicated in parentheses), for (a) klz=0.5, (b) 1.77, and (c) 3,
using the Alterman ordering (dots) and the Lorentz—Boltzmann ordering (crosses).
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Fig. 4. The reduced S;(k, 0)/tg as a function of M at the reduced density ¥,/V =0.33 for
J,1=1,1;1,3; and 3, 3 (as indicated in parentheses), for (a) k/g =0.143, (b) 1, and (¢) 3, using
the Alterman ordering (dots) and the Lorentz-Boltzmann ordering (crosses).

M =55 have converged within about 1% for the LB ordering and within
about 3% for the A ordering. The convergence improves again when k/g
increases further (e.g., in the LB ordering to about 0.5% at klg = 50).

Thus, the correlation functions S;(k, w) can be calculated with the
BGK method of order M =55 for all %k, all w, and all densities with an
accuracy of at least 1% in the LB ordering or 3% in the A ordering. That
the results for the S;(k, w) in the A ordering converge slower than those in
the LB ordering implies that the polynomia with low quantum number /
alone are less important for the computation of S,(k, w) than the
polynomia with low r+ 1

We remark that the convergence of S;,(k,0) as a function of the
number of Burnett polynomia used in the explicit calculation (i, M in
Figs. 3-5) is faster than the convergence discussed in ref. 27, where Hermite
polynomia were used. The reason for this is that Burnett polynomia are
more economical than Hermite polynomia, since they incorporate the
cylindrical symmetry in velocity space.
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Fig. 5. The reduced S(k, 0)/7¢ as a function of M at the reduced density Vo/V =0.625 for
L 1=1,1;1,3; and 3, 3 (as indicated in parentheses), for (a) klg =0.039, (b) 1, and {(c) 3, using
the Alterman ordering (dots) and the Lorentz—Boltzmann ordering (crosses).

5.2. Ideal Gas Behavior

Next we consider the correlation functions G(k, z) with jor I=1,2, 3
in the BGK approximation of order M in the ideal gas limit £ —» . To

study this limit, it is convenient to use the (complex) reduced frequency

w_ 2zt ([ m ‘/25
z ‘\/;sz_’(ZkBT> k (54)
as a quantity of order 1 and 1/k/y as a small expansion parameter around
1/kly =0. Here tp=1,/y is the Enskog mean free time. We use that in
Eq. (1.16) for G ,(k, z) all matrix elements of 2 (k, z) are small compared to
those of # (k) for all z. For, the matrix elements %,(k) of the M x M matrix
Z (k) are finite for k — oo, so that (k) is a quantity of order (klg)° [cf.

Eq. (1.12) and ref. 9]. The elements .«/,(k, z) of the M x M matrix /(k, z)
in Eq. (1.16), on the other hand, are given by [cf. Eq. (3.2)]

—2ity 1

Ak, z) = NG EAﬂ(C) (3.5)

822/54/1-2-20
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where {=z*+ O[(klg) '] [cf Egs.(3.4) and (5.4)]. Thus, o/(k,z) is a
quantity of order (klg)~' and small compared to # (k). Therefore, we can
write [cf. Eq. (1.16)]

Gk, z)={oA(k, 2) + Ak, 2) F (k) L (k, 2} + O[(klg) 1}, (5.6)

or, with Eq. (5.5),

G,,(k,z):f%E[Aﬂ(z*Hg;’m(z ) O(sz)—Z)] (5.7)
where
—2i E M
gn(zr) = 20 [d(oo)A;,(z*Hz A},,(Z*)grj,,wA,,,(z*)] (58)

with 4}(z) = dA,(z)/dz.

Thus, the G ik, z) in Eq. (5.7) are given by series expansions in terms
of inverse powers of ki, where the coefficients are functions of z*. The
leading term ~ A;(z*) in Eq. (5.7) is the Laplace transform of the ideal gas
F,(k, t), as given by Eq. (1.1), with Lg(k) replaced by —ik-v,, ie., by the
free streaming contribution to Lg(k) [cf. Eq.(1.4)]. From this it follows
immediately that the BGK approximations of order M to the G(k, z)
(j,1=1,2,3) reduce to their corresponding exact ideal gas values for
k — oo for any fixed M.

The approach of the G,(k, z) to their ideal gas values is given by the
second term on the right-hand side of Eq. (5.7) [ie., by the g!}”(z*)]. This
term depends on M via d(oo) [cf. Bq.(1.11)] as weil as via the three
M x M matrix multiplications in Eq.(5.8). By evaluating the g{"(z*)
numerically in the BGK method with M < 55, we find that the results have
converged within a few percent for M =55. This has been reported before
for (jI)=(11), (13), and (33).(!%3?

To get an idea of how fast the approach to ideal gas behavior is, we
evaluated the g{®)(z*). To do this, we used that

oy gy — 2lE 1 . 1
ey e (e — b)) (59)
and that

— Az Z A(2) A (z) (5.10)

j'=1
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Equation (5.9) follows from Egs. (1.12), (3.3), and (5.8), while Eq. (5.10)
follows from Eq.(3.3) and that the {y,,,.(c)} form a complete set of
polynomia in ¢. The expression (5.9) has been evaluated analytically for
j=1!=11n ref 35. We find that our BGK result for g{})(z*) with M =55
does not differ by more than a few percent from the exact g{®®(z*). Thus, it
appears that the approach of the G,(k, z) to ideal gas behavior can be
described accurately by the BGK method, at least when M > 55.

5.3. Hydrodynamic Behavior

To study the hydrodynamic limit, ie., the k£ — 0 limit, of the nine
Gk, z) in the BGK approximation of order M, we rewrite Eq. (1.16) in
the equivalent but more convenient form

1
69| 7w, (10

and consider # (k) and o/ ~! for k = 0 and z of order k°, &, or k2

(a) The M x M matrix # (k) in Eq. (5.11) is a quantity of order k°
when & — 0. For, the Boltzmann collision operator Ag=1lim, ,, 4, has
three longitudinal (m = 0) eigenfunctions with vanishing eigenvalue, i.c.,

Ay (v)=0 (5.12)

where j=1,2, or 3. As a consequence of this and Eqgs. (1.11)-(1.13), the
vectors (1,0,0,.), (0,1,0,.), and (0,0, 1,0,..), which correspond to
¥1(vy), Yo(vy), and y5(v,), respectively, are eigenvectors of the matrix Z(0)
with eigenvalue d(0). Since d(0) is finite for any M >3 [cf. Eq. (1.11) and
ref. 23], the matrix #(0) has (at least) three eigenvectors with non-
vanishing eigenvalue.

(b) The M x M matrix o/ (k, z) is also a quantity of order k° For, it
follows from the Egs. (3.2)-(3.4) that

d(k,z)=z-_—17(k—)[1+%1/+c—12£+0(k3)] (5.13)

where the matrix elements V), of ¥~ and E, of & are given by
Vi= AP, 1(c) c.P,, 1,(€)> (5.14)
Ey={®, ,(c)c:®, ,(c))> (5.15)

respectively. Here we have used that the variable { in Egs. (3.2)-(3.4) is
large and of order 1/k [since d(0) is finite], so that 1/¢ is of order k and
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small. Thus, o/ ~'(k,z) is a quantity of order k° and given by [cf.
Eq. (5.13)],

1 1
o Nk, z)=[z—d(k)] l:ﬂ 7 “I/+F (v2-8&)+ 0(k3)J {5.16)
where the leading term —d(k)1 is the same as that in F(k) [cf
Eq. (1.12)].

Then, by subtracting the expressions (5.16) for .« ~!(k, z) and (1.12)
for #(k), one obtains

1
. = (5.
Gilk, 2) [z — PEk)+ 2ky TK* (V> — &)/[md(0)] + 0(k3)] >17)
Here #*(k) is the M x M matrix with elements LE(k),
Li(k)=<®,, ,(c) Lg(k) @,, ,(c)) (5.18)

so that [cf. Eq. (1.4), (1.13), and (5.16)]

2kB 1/2
L;;(k):-tk( mT> Vot ny2,(k)

172
+zk<k T>/< \/5( >(5j,15,,2+5j,25,,1) (5.19)

where the three terms on the right-hand side are due to the free streaming
(—ik+v,), the collision (nyA,), and the mean field (n4,) terms in
Eq. (1.14) for Lg(k), respectively.

We discuss the approach to hydrodynamic behavior of the G/(k, z)
through the spectral decomposition of #*(k),

M

Li(k)= Z k) ¢(k) ¢17(k) (5.20)

where the z,(k) are the M eigenvalues of #F(k) and the ¢¥(k) are the
components of the corresponding M eigenvectors ¢ (k).

Using Egs. (5.17) and (5.20), one finds that the G (k, z) are, for k-0,
given by

ks z) = Z ¢;7(k) ¢ (k) ~ (5.21)

,(k)

ie., by a sum of M Lorentzians in z.
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We remark that the term 2ky Tk*(¥ 2 — &)/md(0) in Eq. (5.17) can be
neglected for M — oo, since lim,,_ (¥?~&)=0 [cf Egs.(5.14) and
(5.15)]. We find in practice that the contributions of this term to the
Gk, z) are negligible when M > 10. Therefore, the G,(k, z) are given by
the M discrete eigenmodes [ie. ecigenvalues z/ k) and eigenfunctions
¢D(k)] of the M x M matrix £LE(k) up to order k%

For any M >3, #F(k) has eigenmodes that can be called extended
hydrodynamic modes,®'? since for k—0 they tend to the three
hydrodynamic modes. For these modes, the eigenvalues z,(k) (i=1, 2, 3)
tend to zero for k£ — 0 and the corresponding eigenvectors ¢)(0) are linear
combinations of the three vectors that correspond to the (v,) with
j=1,2, or 3 [cf. Egs. (5.12), (5.14), (5.19), and (1.13)]. They are the heat
mode (i=h), for which z,(k) is real, and the two sound modes (i= +), for
which z_ (k) and z _(k) are each other’s complex conjugates.®*? The other
M — 3 eigenvalues z,(k) of £F(k) (i =4,.., M) are kinetic modes, since they
approach finite negative values for k =0, with corresponding eigenfunctions
¢"(k) that have vanishing components ¢{)(k) for j=1, 2, and 3 and k=0.

Thus, in the BGK approximation of order M >3, the nine G(k, z)
with j or /=1, 2, or 3 are described for kK — 0 by the three hydrodynamic
modes of £E(k) only, ie., by

= G] () — L
Gtk 2)= T80 8'0) — s (5:22)
The hydrodynamic description given by Eq.(5.22) for all nine Gk, z)
includes in particular the Landau-Placzek triplet of Lorentzians for
G(k, z), or equivalently for S;;(k, w) [cf. Eq.(5.3)].¢*%

5.4. Eigenmodes

In the BGK approximation of order M for Lg(k) [cf
Egs. (1.8)-(1.10)] the nine F(k, t) of Eq. (1.1) with j, /=1, 2, 3 are for any
finite value of k given by a sum of M discrete eigenmodes and, in addition,
an essential singularity contribution. Here we discuss the relative impor-
tance of these two contributions to F(k, r) and Sk, ) as functions of k
and M.

The F,(k, t) are the inverse Laplace transforms of the Gk, z), 1.e. [cf.
Eq. (1.15)],

1 +i0o o
Fulk, 1) == L-m dz ¢7G,(k, z) (5.23)
where, in the BGK approximation of order M, the G,(k, z) are given by
Eq. (1.16). The Gk, z) have M discrete singularities (i.e., poles) in the
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complex z plane at finite, k-dependent, values z =z,(k), have one essential

singularity at Re z= —o0, and are analytic anywhere else. Therefore
M
Fyk, 1)="Y M{P(k) e ™ + Fs(k, 1) (5.24)

i=1

Here the discrete eigenvalues z,(k) are associated with those M values of z
for which the determinant of the M x M matrix 1 — &/(k, z) % (k) vanishes,
1e.,

D(k, z)=Det[ 1 — o (k, z) F (k)] =0 (5.25)

and where the corresponding amplitudes M{(k) are given by

M) =

1
Dk z) [T (k,z,) Lk, 2) ], (5.26)
F is the transpose of the M x M matrix of cofactors of 1 — /% and
D'(k, z)=0dD(k, z)/0z.

The (M-dependent) second term on the right-hand side of Eq. (5.24) is
given by

Fk, )= [ dz %Gk, 2) (5.27)
27U i F/ACAS I

where y is real and negative and smaller than all real parts of the eigen-
values z,(k) for all k. Thus, the F*(k, t) decay to zero for t — +oo, faster
than exp(y?) for any negative real y. In fact, the F{*(k, t) decay in a
Gaussian-like manner, i.e., for large ¢ they are proportional to exp(—at?),
where ¢ is a k-dependent parameter.

We remark that for kK — 0 the essential singularity contribution in
Eq. (5.24) vanishes and that the M{’(k) and z,(k) tend to the ¢{"¢}” and
z{k) of Eq.(5.21), respectively. Thus, while for k-0, the Fy(k, ) are
described by M discrete eigenmodes alone, one needs for finite k& in
addition the contribution of an essential singularity [cf. Eq. (5.24)]. To
study the importance of the essential singularity we consider the Fourier
transforms of the three F(k, t) with j, /= (1, 1), (1, 3), and (3, 3) given by
[cf. Eq. (5.24)]
M (0
Sk, ) R Z M (IZ])C) SENk, w) (5.28)
where

+ oo
Sk, )= (27) " f dt exp( — iwt) Fi&(k, 1)

— 0
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is the Fourier transform of the essential singularity contribution Fif*(k, 1)
in Fy(k, t). For all densities and fixed M > 10 we find that the S§¥(k, w)
increase with increasing k to at most 5% of S)(k, @) when klg = 20.

To show this, we have determined all ten discrete eigenmodes of Lg(k)
in the BGK method with M =10 for all densities and k values [cf.
Egs. (5.25) and (5.26)], using the A-ordering. Thus, we obtained the
complete first term on the right-hand side of Eq. (5.28) for M = 10. We also
calculated the S;(k, w) [ie., the left-hand side of eq. (5.28)] in the BGK
method with M =10, using 10 x 10 matrix inversion [cf. Egs. (5.3) and
(1.16)]. The difference between these two terms determines the second
term on the right-hand side of Eq. (5.28), i.e., the essential singularity
contribution S§¥(k, @) for M = 10.

For all densities we find that S*)(k, w) increases from zero at k=0 to
values of the order of 1 and 5% of S(k, @) when klg ~ 6 and 20, respec-
tively. We show this in Fig. 6 for the low-density (Boltzmann) limit of
Si(k, w) = S(k, ®).®% In Figs. 6a and 6b we plot for M = 10 the full BGK
values of S,;(k, w) and the contributions to S,,(k, @) of all ten discrete
eigenmodes when (a) kI =6 and (b) klz = 20. We conclude from this and

008
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002
001
0
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Fig. 6. (—) The reduced S(k, w)/t, in the low-density (Boltzmann) limit as a function of the
reduced frequency wi,/kl, for (a) kiy =6 and (b) kl, =20 in the BGK approximation of order
M =10, using the Alterman ordering. (- —) The contribution of all ten discrete BGK eigen-
modes to S(k, w)/t,. The difference is the contribution of the essential singularity.
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the foregoing that for klg < 20 the S;(k, @) can be described by considering
the discrete eigenmodes of Lg(k) alone and that, when M = 10, the essen-
tial singularity at Re z= —oo is relevant only for klg > 20.

For fixed values of k/y up to klg =20 we verified numerically up to
M =55 that, for all densities, the contributions S{{*)(k, w) to the Sy(k, w)
decrease with increasing M, implying that the S,(k, w) are increasingly
better described by the discrete modes of Lg(k) alone. However, the con-
vergence in M is too slow to conjecture that for fixed k/z and M — oo the
S;(k, w) can be represented by an infinite sum of discrete eigenmodes only.

APPENDIX
We consider the integral [cf. Eq. (4.26)]

I(B;A)=—1— dé exp[ — (B+6)*] | F, 1,1;(A-6')2 (A.1)
47 2

for any two (complex) vectors A and B. Expanding the exponential and the
confluent hypergeometric function yields

o Eaa (L), (1,
IBA)= 2 L L gl (12), /D, aen

x (4%)7 (B*) (A~ B)* (A2)

where we have used that
ijd& (A-8) (B- )™
4

a2y By g L2 (1/2),
= AV B m =

Min(/,m) 1 A°B2 7
X Z ; : ; ( 2p2
o MU= m=)I(1/2),\ A°B

(A3)

In Eq.(A.2) we use that the sum over p is a confluent hypergeometric
series, i.e.,

©  © — Y+
BA=§ § )02,

B (A~ B)*
L T, G2), . B AR

3
><1F1<1+t,-2-+q+2t;A2> (A4)

/
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Then, applying Kummer’s transformation

3 1 2
VF, <1+t,§+q+2t,AZ)=exp(A2) B (-2~+q+t,§+q+2f; ——A2)

one finds

QR (YW, (24 g+1),
t—v—oqzop:op!q!(1/2)1(3/2)y+2r(3/2+q+2t)p

x (A7) (B%)7 (A - B)Y (A.5)

I(B;A)=e"

The sum over g, again, is a confluent hypergeometric series, ie.,

Ayt B ),
BA = 2 2 T ()

1 3
x (A7)? (A~ BY* F, <§+ PGS P ~Bz> (A.6)

for which we use Kummer’s transformation, so that

A A e R R (=) (124 (1 + 1),
1B:4)=e Z:o Eo qgo Prat(1/2):43/2) 420 32+ p+ 20),

x (A7) (B*)7 (A - By (A7)
Equivalently,

A2 g2 2 o (_)p+;(1/2) +t(1) Ry
IB;A = p q
e D I Y PN E T

x (42)? (BY)9 (A - By (A.8)

Then, when in these summations the variables p and g are interchanged,
one obtains the summations on the right-hand side of Eq. (A.2) with A and
B interchanged. Hence,

I(B; Ay=e*~%'[(A; B) (A.9)

which directly leads to the equality given by Eq. (4.26).
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